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ABSTRACT 

Three z r a n s l a t i o n a l  and t h r e e  r o t a t i o n a l  degrees  of freedom 

a r e  s e p a r a t e d  from t h e  Schroedinger equa t ion  f o r  

s e p a r a t i o n  of t h e  r o t a t i o n a l  degrees  of freedom i s  c a r r i e d  out  u s i n g  

two d i f f e r e n t  d e f i n i t i o n s  of t h e  "body-fixed" axes.  

e x a c t  equa t ions  involve  only  t h e  coord ina te s  of t h e  i n t e r n a l  motion 

of t h e  t h r e e  p a r t i c l e s ,  and a r e  symmetric under the  in t e rchange  of 

t h e  t w o  pro tons .  Three d i f f e r e n t  s e t s  of i n t e r n a l  c o o r d i n a t e s  

are cens ide red  for each of two s p e c i f i c a t i o n s  of t h e  s t anda rd  

c o n f i g u r a t i o n ,  or  body f i x e d  axes.  

H*- H . The 

The r e s u l t i n g  
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The p o t e n t i a l  energy of a s y s t e m  of N p a r t i c l e s  moving i n  f r e e  

s p a c e ,  i s  i n v a r i a n t  under a t r a n s l a t i o n  of t h e  c e n t e r  of mass of t h e  

e n t i r e  system. T h i s  commutativity of t h e  h a m i l t o n i a n  of t h e  system 

wi th  t h e  t r a n s l a t i o n  o p e r a t o r  i m p l i e s  t h e  c o n s e r v a t i o n  of t h e  t o t a l  

l i n e a r  momentum and enables  one t o  w r i t e  t h e  t o t a l  wave f u n c t i o n  a s  

a product  o f  f u n c t i o n s  which d e s c r i b e  t h e  motion of t h e  c e n t e r  of 

[:ass and t h a t  of  t h e  system r e l a t i v e  t o  t h e  c e n t e r  of mass. 

Moreover, i n  f i e l d - f r e e  space,  t h e  p o t e n t i a l ,  and t h e r e f o r e  

t h e  hami l ton ian  of r e l a t i v e  motion, i s  i n v a r i a n t  under t h e  cont inuous 

group of t h r e e  dimensional  r o t a t i o n s  of t h e  e n t i r e  c o o r d i n a t e  system: 

from t h i s  fo l lows  t h e  f a m i l i a r  r e s u l t  t h a t  t o t a l  angular  momentum 

i s  conserved. Thus, t h e  e i g e n f u n c t i o n s  of t h i s  hami l ton ian  may form 

b a s e s  of t h e  r e p r e s e n t a t i o n s  of t he  r o t a t i o n  group. 

Group t h e o r e t i c  techniques  have been used by H i r s c h f e l d e r  and 

1 2 3 Wigner C u r t i s s ,  H i r s c h f e l d e r  and A d l e r  , C u r t i s s  and A d l e r  , and 

4 
C u r t i s s  t o  e f f e c t  t h e  s e p a r a t i o n  of  t h r e e  r o t a t i o n a l  degrees  of  

freedom f ro= t h e  cor responding  N - p a r t i c l e  Schroeding equat ion. ,  The 

r e s u l t  i s  a se t  of coupled d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  i n t e r n a l  

c o o r d i n a t e s  o f  t h e  system. 

I n  d i s c u s s i n g  t h e  problem of t h e  s e p a r a t i o n  of t h e  r o t a t i o n a l  

d e g r e e s  of freedom it i s  convenient  t o  i n t r o d u c e  t h e  concept  of a 

c o o r d i n a t e  system whose o r i g i n  i s  t h e  c e n t e r  of mass of t h e  

N - p a r t i c l e  system and which r o t a t e s  s o  a s  t o  keep t h e  N p a r t i c l e s  

i n  a s p e c i f i e d  ”s tandard  conf igura t ion” .  The t h r e e  degrees  of  

freedom which a r e  s e p a r a t e d  a r e  the t h r e e  Euler  a n g l e s  asc;! ~ ~ ~ e d  

1 



w i t h  the c u t a t i o n  which t a k e s  t h e  o r i g i n a l  coord ina te  system i n t o  t h e  

s tand  d r  d i v n  f i gur a t ion .  

For a g iven  system one p a r t i c u l a r  s e t  of i n t e r n a l  c o o r d i n a t e s  

: zy g<.,bL t e t L c ~  s ~ i t t d  t o  t h e  problem than  another .  Moreover, f o r  

d give. :  s e t  91 I i i t t . ina l  c o o r d i n a t e s ,  t h e  f i n a l  coupled equa t ions  

d l 1 1  d i  f f t r  Jeperiding on the  d e f i n i t i o n  of t he  s tandard  c o n f i g u r a t i o n  

lLkr L I I L  r .  o t  Iem. Fina l  l y ,  J i f f e r e n t  s e t s  o t  i n t e r n a l  c o o r d i n a t e s  

cogr tne r  w i t h  d i i f e r e n t  cho ices  of t h e  s tandard  c o n f i g u r a t i o n  may 

emphasize i n  d i s s imi l i a r  ways any symmetry f e a t u r e s  o f  t he  problem, 

and perhaps sugges t  convenient  methods of s o l v i n g  the  f i n a l  e q u a t i o n s .  

I t  i s  t h e  purpose of t h i s  paper t o  deve lop  the  Schroedinger  

s q u a i i o n  f o r  t he  t h r e e  p a r t i c l e  problem 

i n t e r n a l  coord ina te s  f o r  each of two d i s t i n c t  cho ices  of t h e  

s tandard  con f i g u r a t i o n  

H+-H , i n  s e v e r a l  s e t s  of  

v.2 begin by c o n s i d e r i n g  t h e  f u l l  N - p a r t i c l e  Schroedinger  

equa t ion  toge the r  w i th  t h e  formal  s e p a r a t i o n  of t h e  t r a n s l a t i o n a l  

and r o t a t i o n a l  degrees  of freedom, and t h e n  s p e c i a l i z e  t o  t h e  c a s e  

of t h r e e  p a r t i c l e s .  

I .  Sepa ra t ion  of t h e  t r a n s l a t i o n a l  motion 

The N-pa r t i c l e  Schroedinger  equa t ion  i n  a space  f i x e d  c o o r d i n a t e  

system i s  
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t h  
where V i s  rhe p o t e n t i a l  energy, m t h e  mass of t h e  n p a r t i c l e ,  

t h e  t o t a l  energy,  and x the  p o s i t i o n  v e c t o r  of t he  n ET nk 

p a r t i c l e  i n  a space f ixed  coord ina te  system. We cons ider  t h e  N 

p a r t i c l e s  a s  members o f  two subse t s ,  subse t  A and subse t  B.  The 

p a r t i c l e s  i n  s u b s e t  A a r e  numbered 1 , 2 , .  . . a ,  wh i l e  those  i n  subse t  B 

a r e  nunbered d + l ,  a+2, ... N .  The s e p a r a t i o n  of t he  motion of t h e  

c n n t z r  or' :mss i s  c a r r i e d  o u t  i n  t w o  J i f f e r i n t  s e t s  of coord ina te s .  

n 
t h  

1 . a .  Cencer of mass coord ina te s .  I 

To s e p a r a t e  the  motion o f  the  c e n t e r  of mass w e  employ t h e  

fo l lowing  s e t s  of coord ina te s  : 

t h e  t h r e e  C a r t e s i a n  coord ina te s  of  t h e  c e n t e r  of mass of t h e  

e n t i r e  system, 

?J 

t h e  t h r e e  c o o r d i n a t e s  of the c e n t e r  of mass of subse t  A 

r e l a t i v e  t o  t h e  c e n t e r  of  mass of  subse t  B, 

t h e  coord ina te s  of t he  f i r s t  a - 1  p a r t i c l e s  r e l a t i v e  t o  t h e  

c e n t e r  of mass o f  subse t  A ,  
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and f i n a l l y ,  

t h e  coord ina te s  of t he  p a r t i c l e s  of subse t  B r e l a t i v e  t o  t h e  

c e n t e r  of  mass of subse t  B, 

These a r e  i l l u s t r a t e d  i n  F igu re  1. With t h i s  cho ice  of c o o r d i n a t e s  

t h e  equa t ion  d e s c r i b i n g  the  r e l a t i v e  motion of t h e  e n t i r e  system i s  

\ 2. 

4 v  

V 
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where 

a 

arid t he  qc 'ant i ty  p- 
p a r t i c l e s .  The energy E i s  t h e  t o t a l  energy less t h e  t r a n s l a t i o n a l  

i s  the  reduced mass of  t h e  two s u b s e t s  of 

c o n t r i b u t i o n .  

1 .b .  Center of mass c o o r d i n a t e s .  I1 

Consider nex t  a second t r ans fo rma t ion ,  which we l a t e r  a s s o c i a t e  

with s tandard  c o n f i g u r a t i o n  11, i n  which t h e  p a r t i c l e s  a r e  a g a i n  

d iv ided  i n t o  two subse t s  and numbered l J . . Q a  i n  s u b s e t  A and 

a-t I., . . . N  i n  subse t  B. 

To e f f e c t  t he  s e p a r a t i o n  of t he  c e n t e r  of mass we employ 

d e f i n i t i o n s  of t h e  c o o r d i n a t e s  which a r e  s l i g h t l y  d i f f e r e n t  from the  

previous  choice .  S p e c i f i c a l l y ,  t h e s e  independent  c o o r d i n a t e s  a r e :  

t h e  p o s i t i o n  of t h e  c e n t e r  of mass of t h e  e n t i r e  system, 

rv 

L 

n t r  

t he  i n t e r - p a r t i c l e  v e c t o r ,  
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x 'X - 
'k - ak Nk 

and 

- - x - x (n=l  ,... a - l ) ,  
'nk nk a k ,  

- (n=a+l, . . .  N - 1 )  a Xnk - %k ' - 
'nk 

( n = l , .  . . a - 1 )  i s  'nk ' Thus, i f  a and N d e s i g n a t e  two n u c l e i ,  

seen  t o  be t h e  e l e c t r o n i c  vec to r  of  t h e  

r e l a t i v e  t o  nucleus a . A similar i d e n t i f i c a t i o n  i s  made f o r  t h e  

'nk 

i n  F igu re  2 .  

nth e l e c t r o n  of subse t  A 

, (n=a+l, . N - l ) ,  f o r  subse t  B. These coord ina te s  a r e  i l l u s t r a t e d  

The Schroedinger  equa t ion  f o r  t h e  r e l a t i v e  motion of the  system, 

i n  the  above c o o r d i n a t e s ,  i s  
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8-1 3 N - i  3 

A = Q + l  &=/ 

d Z  (I. 3)  

where E i s  aga in  t h e  energy l e s s  t h e  t r a n s l a t i o n a l  c o n t r i b u t i o n .  

It i s  ev iden t  t h a t  t h e  s e p a r a t i o n  based on t h e  vec to r  between 

n u c l e i  ( r a t h e r  t han  t h e  vec to r  between the  c e n t e r s  of  mass of t he  

two s u b s e t s )  i n t r o d u c e s  c r o s s  terms i n  the  expres s ion  fo r  t h e  k i n e t i c  

energy  . 



11. S e p a r a t i e n  of t h e  Ro ta t iona l  C o o r d i w t e s  

The problem o f  s e p a r a t i n g  t h e  r o t a t i o n a l  degrees  o f  freedom from 

t h e  N-pa r t i c l e  Schroedinger  i s  complicated by t h e  q u e s t i c r  c.f ~ P W  one 

-jet : f  t h e  ~ 7 - i e r I t d t i o n  i r i  space  of  an  N - p a r t i c l e  "non-r ig id"  body.  

A S  i n  tk,e c l d s s i \ - a l  t r ea tmen t  of r i g i d  b o d i e s ,  we wish  t o  d e f i n e  i! 

: t - ~  < ) f  FU' :>L a n b l e s  r e l a t t n g  the  "body-fixed" 3 . ~ ~ 5  t o  t he  space- f ixed  

c t . k t : k s  TI'< se  can t h e n  be  s a i d  t o  d e s c r i b e  t h e  o r i e n t a t i o n  of 

t he  uody r e  ! t i v t ~  L ~ I  d space- f ixed  frame For thLs pclrpoie i t  is 

convenient  t o  d e f i n e  a "s tandard confLgurat ion" of t h e  N-par t ic  le  

system. 

! -o t a t ion  which t a k e s  the  space-or ienred  c e n t e r  o f  mass c o o r d i n a t e  

A ro t a t io r1  R( O( 1 /3  ~ f 1 can  then  be  defCned as t h e  

i n t  (I Laincidence wi th  t h e  body f i x e d  s y s t e m ,  

S ince  t h e  hami l ton ian  commutes w i t h  t h e  g e n e r a t o r s  ( t h e  3 ) of k 

- tlie t h r e e  dimtilsLoIlal r o t a t i o n  group, i t s  e igen fdnc t  ions may f o r m  

&a ha.; i f  t h e  r e p r e s e n t a t i o n s  of  t h e  group. Ir, p a r t i c u l a r ,  i f  

i s  a wave func t ion  l abe led  by t h e  t o t a l  angular  moaentclm .T ana 

the  space z -ax i s  p r o j e c t i o n  of t h e  t o t a l  a n g u l a r  aiomentum 

r o t a t i o n  R of  t h e  space  f ixed  c o o r d i n a t e s  mixes the  2JS1 

degene ra t e  s t a t e s  

/" 

I f  K I ~ I L L ~ ~ C S  t he  spdi'' f ived frame i n t o  the  s t anda rd  

conf igura t  i o n ,  tlie v a l u e s  o f  the  coord in<i tes  i n  t h e  r o t a t e d  frame,  
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and yk a r e  given b y  Ink 

We may d e f i n e  t h e  s tandard  c c a f i g u r a t i c n  wave f u n c t i o n  as 

Making u s e  of t he  i d e n t i t y  

(11.2) 

(11 3)  

(%I. 4 )  

i t  i s  e a s i l y  seen  t h a t  x,” i s  given by 

(11.5) 

Since  a r o t a t i o n  R nixes the  2 J f l  degenera te  s t a t e s  x. 9 

e q u a t i o n  (II,l) can be used with equa t ion  ( 1 1 - 5 )  t o  g ive  

When use  i s  made of t he  n o r t h c g o n a l f t y g  r e l a t i o n  



1 2  

(II,7) 

(11.8) 

i t  i s  p o s s i b l e  t o  w r i t e  a s  a sum of products  of r e p r e s e n t a t i m  

c o e f f i c i e n t s  and func t ions  invo lv ing  only the  3N-6 i n t e r n a l  

c o o r d i n a t e s  

‘T- 

The two remaining t a s k s  a r e  f i r s t ,  t o  uniquely  s p e c i f y  the  

r o t a t i o n  R,  and second, t o  apply  t h e  hami l ton ian  of equa t ions  (I,2) 

and (1.3)  t o  a wave f u n c t i o n  of t h e  form given by equa t ion  (11.8). 

We now d e f i n e  t h e  two s t anda rd  c o n f i g u r a t i o n s  a s s o c i a t e d  wi th  

t h e  two d i f f e r e n t  c e n t e r  of mass coord ina te  systems, and cons ider  

e x p l i c i t l y  t h e  t h r e e  p a r t i c l e  problem, a = 2 

and N = 3 . 
H+ - H , f o r  which 

1 I . a .  Standard Conf igu ra t ion  I 

Standard c o n f i g u r a t i o n  I, a s s o c i a t e d  wi th  t h e  c e n t e r  of  mass 

coord ina te s  used  i n  o b t a i n i n g  equa t ion  ( 1 0 2 ) 9  i s  de f ined  by r e q u i r i n g  

t h a t  t h e  v e c t o r  b e t w e e n t h e  c e n t e r s  o f  mass of t h e  two s u b s e t s  be 

a long  the z - a x i s  and t h a t  p a r t i c l e  1 l i e  i n  t h e  p o s i t i v e  x-z h a l f -  

p l ane .  (See F igu re  3)  More p r e c i s e l y ,  w e  have 
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I 

F i g u r e  3 



T!'e I - C C L  , ~ J i - d i n a t e s  a l e  then  t h e  c d r t e s l a n  Loordina tes  i n  the  

P "- c R j j Y j  9 
(IT Y l o )  

J 

t h e  ! i s t q n c e  between the  two c e n t e r s  of mass,and 

, (k=1 ,3 )  (11.11) 
= R k j Y l j  . l k  

z 

d 

the  coord ina te s  of p a r t i c l e  1 r e l a t i v e  t o  t h e  c e n t e r  o f  mass O €  

p a r t i c l e s  1 and 2 .  

We choose t o  i d e n t i f y  p a r t i c l e s  1 and 2 a s  p ro tons ,  and 

p a r t i c l e  3 a s  the  e l e c t r o n .  Then 7 i s  t h e  d i s t a n c e  between the  

e l e c t r o n  and the  c e n t e r  of  mass of the  two p ro tons ,  wh i l e  z and 

z a r e  the coord ina te s  of  pro ton  1 r e l a t i v e  t o  the  c e n t e r  of mass 

o f  t h e  proton system. Because of the  s p e c i f i c a t i o n  of t h e  r o t a t i o n ,  

11 

13 

( 1 1 . 9 ) ,  z , ~  i s  i d e n t i c a l l y  ~ ( 1 1 ~ ) .  

To car1 y out  the  t r ans fo rma t ion  t o  t h e  i n t e r n a l  c o o r d i n a t e s  w e  
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must cons ide r  t h e  e f f e c t  of t h e  hami l ton ian  of equat ion  ( 1 1 . 2 )  

opera t i .ng  on a wave func t ion  of  t he  form 

:I ;net  the hdmi i tan ian  invo lves  d e r i v a t i v e s  wi th  r e s p e c t  t o  rhe 

“ % . i d  \IC- ! d : l I e d t q )  Yk and Ylk w t  must e v a l u a t e  expressions such  a s  

i r .  e v i d e n t  t h a t  t h i s  r e q u i r e s  a knowledge of t h e  d e r i v a t i v e s  of  

t h e  “new v a r i a b l e s “ ,  z 11, z13, f , and t h e  func t ions  D(RAp 

wi th  r e s p e c t  t o  t h e  y and ylk The a c t u a l  e v a l u a t i o n  01 t hese  

d e r i v a t i v e s  i s  a lengthy  ope ra t ion  and i s  descr ibed  i n  d e t a i l  

e Is ewher e 1,495 

f o r  t h e  

c o o r d i n a t e s  

J 

k 

The f i n a l  r e s u l t  i s  t h a t  t h e  Schroedinger equa t ion  

H+-H problem can  be w r i t t e n  i n  terms of t h e  i n t e r n a l  

a s  13 ’ and z f ’ zll ’ 
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where 

(11.15) 

(11.16) 

( $1 
The o p e r a t o r s  M, a r e  d e f i n e d  by 

(11.18) 

and t h e  numbers x * [ ~ , p )  by 

(11.19) 



The o p e r a t o r s  & a r e  r a i s i n g  and lowering o p e r a t o r s  or. t h e  

index  s , 

and i t  i s  t h e s e  o p e r a t o r s  which couple t h e  e q u a t i o n s .  

1 i . b .  S t a !  a r d  - o n f i g u r a t i o n  TI 

Standard c o n f i g u r a t i o n  11, which i s  a s s o c i a t e d  wi th  t h e  

d e f i n i t i o n  of  t h e  c e n t e r  of  mass c o o r d i n a t e s  l e a d i n g  t o  equatior.  

( 1 0 3 ; ,  i s  s p e c i f i e d  by r e q u i r i n g  t h a t  t h e  i n t e r - p a r t i c l e  v e c t o r  be 

p a r a l l e l  t o  t h e  z -ax is ,  and t h a t  p a r t i c l e  1 l i e  i n  t h e  p o s i t i v e  

x-z h a l f - p l a n e  (F igure  4 ) .  Thus 

The i n t e r n a l  c o o r d i n a t e s  of t h e  problem are  t h e n  (Figure 41, 

(11.22) 

(k= l ,  3) 
l k  

z 

3 
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Figure 14 8 
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which correspond t o  t h e  i n t e r - p r o t o n  d i s t a n c e  and t h e  e l e c t r o n i c  

v e c t o r  r e s p e c t i v e l y ,  i f  p a r t i c l e s  2 and 3 a re  t h e  two pro tons  

and p a r t i c l e  1 t h e  s o l e  e l e c t r o n .  

Wh~a the harni l tonian of equat ion  (1.3)  i s  a p p l i e d  t o  t h e  wave 

func t i c ln  o f  equi..tion (11.8), and use made of t h e  e x p r e s s i o n s  for  t h e  

7 , R i j  , and D(RgF a s  before ,  t h e  'lk ' d e r i v a t i v e s  of t h e  

f i n a l  r e su l t .  i s  t h e  Schroedinger e q u a t i o n  f o r  t h e  system 

t h e  i r i ternh A CCS'L d i n a t e s  

second d e f i n i t i o n  of t h e  s tandard  c o n f i g u r a t i o n .  The r e s u l t i n g  se t  

6 of e q u a t i o n s  a s  ob ta ined  by Kouri i s  

H+-H i n  

z corresponding t o  t h e  f ' '11 ' 13 ' 

where 

(11.23) 

(11.24) 

(I1 a 25) 
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(11.26) 



2 1  

and 1 i s  t h e  reduced mass of the p r o t o n - e l e c t r o n  p a i r .  

Sumndrizing, w e  have u t i l i z e d  t h e  t r a n s l a t i o n  i n v a r i a n t  p r o p e r t y  

of t h e  hami l ton ian  of t h e  system of N p a r t i c l e s  t o  remove t h r e e  

clegrcec of r r d n s l a t i o n a l  freedom from t h e  problem. To do t h i s  w e  

f;-xt l.,:,c-~ r,,'o 3 i C f ~ r e r . t  d e f i n i t i o n s  of t h e  c e n t e r  of  mass c o o r d i n a t e s .  

Secondly, tile i n v a r i a n c e  o f  rtie hami l ton ian  under t h e  group o f  

t[Ire:p ii , aens iona l  r o t a t i o n s  a1 lowed rhe s e p u r a t i r j c  of t h r e e  r o t a t i o n a l  

2 ~ g r e e s  c t  zedom. C ~ r r e s p o n d i n g  t o  t h e  ti.va d e f i n i t i o n s  of t h e  

c e n t e r  o f  r L L 2 s 5  c o o r d i n a t e s  of r e l a t i v e  motion, t h e  

w e  s p e c i f i e d  two d i f f e r e n t  r o t a t i o n s  f o r  t he  H -H problem which 

r o t a t e  t h e  space f i x e d  axes i n r o  t h e  ( tNo)  s tandard  c o n f i g u r a t i o n s ,  

Fhr i. . i e r  a n g l e s  a s s o c i a t e d  w i t h  a given r o t a t i o n  change as  t h e  

'nk ' and 
'k 

-e 

partL, ies  move s o  a s  t o  main ta in  t h e  p a r t i c l e s  i n  t h e  s tandard  

c o i L f i g u r a t i o n .  Thus, in  t h e  s tandard c o n f i g u r a t i o n  t h e  p a r t i c l e s  

ean  e r e c t l t e  on ly  r e l a t i v e  motion. The wave f u n c t i o n  can be w r i t t e n  
J 

iis a sum of products  o f  r e p r e s e n t a t i o n  c o e f f i c i e n t s  D@) and 
-s- /?? 

f u n c t i o n s  of  t h e  " i n t e r n a l "  c o o r d i n a t e s ,  t he  x,"(f) a,, a l ~ )  
We a r r i v e  f i n a l l y  a t  two s e t s  of coupled d i f f e r e n t i a l  equat ions  

+ 
( T . I .  14 and 1 1 . 2 3 )  f o r  rhe  H - H  system. I n  t h e  n e x t  s e c t i o n  we 

proceed t o  i n v e s t i g a t e  v a r i o u s  d i f f e r e n t  se t s  of  i n t e r n a l  c o o r d i n a t e s  

and compare t h e  e q u a t i o n s  obtained from t h e  two d i f f e r e n t  s t a n d a r d  

c o n f i g u r a t i o n s  
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111. Standard Conf igura t ion  I and t h e  I n t e r n a l  Coordinates  

This  s e c t i o n  i s  devoted t o  t h e  development of t h e  Schroedinger  

equat ion ,  a s  ob ta ined  u s i n g  t h e  f i r s t  s tandard  c o n f i g u r a t i o n ,  i n  

t - h i t f ~  s e t s  o f  i n r e r n 3 l  c o o r d i n a t e s .  The formal d e f i n i t i o n  of t h e  

new v 6 r i h b l e s  a long k i t h  t h e  e x p r e s s i o n s  f o r  t h e  f i r s t  d e r i v a t i v e s  

w i t h  r e s p e c t  t o  t h e  o ld  v a r i a b l e s  a r e  given f o r  each t r a n s f o r m a t i o n .  

The express ions  f o r  t h e  second- and c r o s s  - d e r i v a t i v e s  a r e  included 

i n  dn apper 11x f o r  convenience.  

1 I I . a .  I n t e r n a  1 Coordinates  

;e consider i i r s t  a t ransformdt ion  t o  t h e  s e t  c o n s i s t i n g  o f  t h e  

i n t e i  pruton d i s t a n c e  , t h e  d i s t a n c e  7' between t h e  e l e c t r o n  

and t h e  c e n t e r  o f  mass o f  t h e  pro tons ,  and , t h e  a n g l e  between 

t h e s e  t i v v c .  (Figure 3), Formally t h e s e  c o o r d i n a t e s  a r e  d e f i n e d  by 

t h e  equat ions  

f ' =  p 

( I I I . 1 )  

(II'L. 2 )  

( T I T .  3 )  
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With t h e s e  d e f i n i r i o c s  the  derivatives with  r e s p e c t  t o  the o l d  

var Fab les become 

D 

h he Schroedinger  equa t ion  i n  t h e  i n t e r n a l  coordinates f P, 
and 19 becomes 

r 

b 

( T I I .  7) 

(311.9) 1 



and 

(IIT.11) 

The f i r s t  twa terms i n  e q u a t i o n  (111.7) d e s c r i b e ,  r e s p e c t i v e l y ,  

t h e  i n t e r n a l  motion of t h e  pro tons  and t h e  r e l a t i v e  motion o f  t h e  
C i )  

The term 14& e l e c t r o n  about  t h e  two p r o t o n s .  corresponds t o  t h e  
L i ( l )  

i n t e r n a l  motion of t h e  t h r e e  p a r t i c l e s ,  and t h e  14AlpTi 

r e s p o n s i b l e  fo r  t h e  coupl ing  of t h e  v a r i o u s  r o t a t i o n a l  s t a t e s ,  

i s  

111.b. I n t e r n a l  Coordinates  Yi , Y, and 'f3 

The second t r a n s f o r m a t i o n  i s  t o  t h e  s e t  of t h e  t h r e e  i n t e r -  

p a r t i c l e  d i s t a n c e s ,  r r and r The fo l lowing  d e f i n i t i o n s  

apply (Figure 5 ) .  

lY 2 3' 

(IIP D 13) 
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Figure 5 
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y3 = Y (111.14) 

w r t h  

( :: f when p a r t i c l e s  1 and 2 a r e  e q u i v a l e n t ) .  

t h e  derivatives may be shown t o  be 

The expres s ions  f o r  

7 

(111.17) 

A f t e r  a moderate amount of a l g e b r a ,  t h e  Schroedinger  e q u a t i o n  

i n  t h e  c o o r d i n a t e s  r l ,  r2 ,  and r may be  w r i t t e n  a g a i n  i n  t h e  form 3 
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where 

. 

(111.19) 

(111.21) 

w i t h  

(111.22) 
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T h i s  equat ion  appears  q u i t e  cumbersome and admits  of l i t t l e  

easy  i d e n t i f i c a t i o n  of i t s  component p a r t s .  

r 

invo lv ing  two or  more of the  coord ina te s .  

c o n f i g u r a t i o n  upon which the  form of t h i s  equa t ion  u l t i m a t e l y  

depends t r e a t s  t he  two pro tons  symmetr ical ly  we might cons ide r  t h e  

e f f e c t  of i n t e rchang ing  t h e  two p ro tons .  

t h a t  a l l  tecms except  t h e  coup l ing  term, 

under t h i s  t r ans fo rma t ion .  

The s e t  r l ,  r 2' and 

has  , however, t h e  advantage of r e a d i l y  e x h i b i t i n g  any symmetries 
3 

As t h e  s t anda rd  

l t  i s  r e a d i l y  confirmed 

H $ f & l  , a r e  i n v a r i a n t  

1 T I . c .  Confocal e l l i p t i c  coord ina te s  

i'he equat ion  i n  the  t h r e e  i n t e r - p a r t i c l e  d i s t a n c e s  immediately 

sugges t s  a p o t e n t i a l l y  more u s e f u l  se t  of i n t e r n a l  c o o r d i n a t e s ,  

namely the  set  of confoca l  e l l i p t i c  c o o r d i n a t e s .  

~ l ~ e  def ined  by 

These c o o r d i n a t e s  

(111.23) 
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With t h e s e  d e f i n i t i o n s  t h e  var ious  f i rs t  d e r i v a t i v e s  may be 

w r i t t e n  

(111.24) 

(111.25) 

(111.26) 

(111.27) 

2 The q u a n t i t y  B i s  

B2= Rr (A2- I) ( 1  -,d) (111.28) 

F i n a l l y  , t h e  Schroedinger equat ion  i n  conf oca 1 e l l i p  t i c  coord ina te s  

may be w r i t t e n  

(111.29) 
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where 

r 

(111.30) 

(111.31) 

(111.32) 
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I V .  Standard Conf igura t ion  I1 and t h e  I n t e r n a l  Coordina tes  

I n  t h i s  s e c t i o n  w e  develop the  Schroedinger  equa t ion  cor responding  

t o  t h e  second d e f i n i t i o n  of t h e  s tandard  c o n f i g u r a t i o n ,  equa t ion  

(11.23)> i n  t h r e e  se t s  of i n t e r n a l  coord ina te s ,  two of which are  

i d e n t i c a l  t o  the  l a s t  two sets  i n  t h e  prev ious  s e c t i o n .  Thus t h e  

e f f e c t  on t h e  f i n a l  equat ions  of t h e  d i f f e r e n t  symmetr ical  t r ea tmen t s  

of t h e  two pro tons  may be noted .  The p r e s e n t a t i o n  of r e s u l t s  i s  

s i m i l a r  t o  P L , a t  i n  s e c t i o n  111. 

I 

1V.a. I n t e r n a l  Coordina tes  Y , f , 8 

We begin  wi th  t h e  t r ans fo rma t ion  from t h e  i n t e r n a l  c o o r d i n a t e s  

9 211 , and 213 t o  t h e  s e t  of p o l a r  c o o r d i n a t e s  Y , si , 
and 4 , def ined  by F igu re  4 .  

The r e l e v a n t  f i r s t  d e r i v a t i v e s ,  i n  t h e  new v a r i a b l e s ,  a r e  

( I V .  1) 

(IV. 2) 
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(IV. 3) 

equa t ion  i n  p o l a r  c o o r d i n a t e s  becomes 5 9 6  

(IV. 4 )  

(IV.5) 

wi th  

(IV. 7) 



'F 1 

(IV. 9 )  

The q u a n t i t y /  has  a l r e a d y  been def ined ,  and i s  t h e  reduced mass 

of t h e  p r o t o n - e l e c t r o n  p a i r .  

The t e r m  Hi:) i n  e q u a t i o n  ( IV .6 )  i s  c l e a r l y  t h e  s p h e r i c a l  

4 removed. p o l a r  Laplac ian  f o r  t h e  e l e c t r o n  w i t h  t h e  term i n  

-t 
2 

T h i s  i s  r e l a t e d  by a s imple r a t i o  of masses t o  t h e  Born-Oppenheimer H 

e l e c t r o n i c  hami l ton ian .  

The f i r s t  term p l u s  t h e  c e n t r i f u g a l  p o t e n t i a l  - +y&- 
P 

i s  t h e  r a d i a l  e q u a t i o n  i n  t h e  absence of any p o t e n t i a l .  F i n a l l y ,  
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provide  t h e  coupl ing  of t h e  s t a t e s  of  (1) 
Hs,s 2 1 t h e  terms 

d i f f e r e n t  s . 

3 1V.b. I n t e r n a l  coord ina te s  rl,  r2,  and r 

The t h r e e  i n t e r - p a r t i c l e  d i s t a n c e s  a r e  def ined  by t h e  equa t ions  

(IV. 11) v, =Y 

k-3 = pl 

(IV. 1 2 )  

(IV. 1.3) 

To f a c i l i t a t e  comparison of t h i s  next  r e s u l t  w i t h  i t s  c o u n t e r p a r t  

i n  s t anda rd  c o n f i g u r a t i o n  I, (111.18),  t he  above d e f i n i t i o n s  

correspond t o  an  e f f e c t i v e  renumbering of t h e  p a r t i c l e s  i n  s t anda rd  

c o n f i g u r a t i o n  11. (Figure  6 ) .  

I n  view of t h e  d e f i n i t i o n  of t h e  new v a r i a b l e s ,  t h e  f i r s t  

d e r i v a t i v e s  become 
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Figure 6 
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The 

s t a n d a r d  

( I V .  1 6 )  

-t. 
and 3 ’  

Schroedinger e q u a t i o n  f o r  H -H i n  r 1j r*’ and r 

c o n f i g u r a t i o n  11, may be  shown t o  be  

wi th  

( I V .  18) 

(IV. 19)  
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(IV. 20) 

T 1 

The q u a n t i t y  B i s  de f ined  i n  connect ion wi th  equa t ion  (111.18). 

Again it i s  e a s i l y  v e r i f i e d  t h a t  a l l  terms except  t he  coupl ing  

terms possess  t h e  p rope r ty  of being i n v a r i a n t  under p ro ton  in te rchange .  

1 V . c .  The confoca l  e l l i p t i c  coord ina te s  

S ince  t h e  p a r t i c l e s  are now numbered i d e n t i c a l l y  i n  t h e  two 

s t anda rd  c o n f i g u r a t i o n s ,  t h e  f i n a l  t r ans fo rma t ion ,  i n t o  t h e  confoca l  
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e l l i p t i c  system, has  a l r e a d y  been def ined  (111.23). The expres s ions  

fo r  t he  f i r s t  d e r i v a t i v e s  remain t h e  same and a l i t t l e  work shows 

t h e  Schroedinger equa t ion  i n  confoca l  e l l i p t i c  coord ina te s  and 

s t anda rd  c o n f i g u r a t i o n  I1 t o  be 

wi th  

L 

( I V .  23) 



( I V .  25) 



V. Summary 

The t r a n s l a t i o n a l  and r o t a t i o n a l  i nva r i ance  of t h e  hami l ton ian  

f 
f o r  t h e  H - H system has  been employed t o  s e p a r a t e  t h r e e  

t r a n s l a t i o n a l  and t h r e e  r o t a t i o n a l  degrees  of freedom. I n  u t i l i z i n g  

t h e  r o t a t i o n a l  i nva r i ance  we def ined  the  r o t a t i o n  which c a r r i e s  t he  

space f ixed  frame i n t o  a body f ixed  frame i n  two d i f f e r e n t  ways. 

T h i s  def ined  t w o  s t anda rd  c o n f i g u r a t i o n s  of t h e  t h r e e  p a r t i c l e s .  

Both d e f i n i t i o n s  t r e a t e d  the  pro tons  symmetr ical ly .  A consequence 

of t h i s  symmetry i s  e x p l i c i t l y  ev iden t  i n  equa t ions  111.18 and I V . 1 7 .  

It i s  e a s i l y  shown t h a t  t h e s e  equa t ions  a r e ,  except  f o r  t he  coup l ing  

terms, completely symmetric i n  the  coord ina te s  I- and r 2 .  1 

Sect ions  I11 and 'IV a r e  devoted t o  t h e  development of t h e  

i n  t h r e e  d i f f e r e n t  s e t s  of Schroedinger equa t ion  fo r  

i n t e r n a l  coord ina te s  and a p a r t i c u l a r  choice  of t h e  s tandard  

c o n f i g u r a t i o n .  The r e s u l t i n g  s i x  s e t s  of equa t ions  may each be 

w r i t t e n  i n  terms of f i v e  o p e r a t o r s ,  two of which e x h i b i t  e x p l i c i t l y  

t h e  coupl ing  of t h e  va r ious  r o t a t i o n a l  s t a t e s .  The o the r  t h r e e  

r e p r e s e n t  the e l e c t r o n i c  motion about  t he  s t a t i o n a r y  n u c l e i ,  t h e  

motion of the n u c l e i ,  and t h e  i n t e r n a l  motion of t h e  e n t i r e  t h r e e  

p a r t i c l e s .  

Hf - H 

8 
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APPENDIX 

A.II1.a 

A .  1II.b 
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a P' 

d' c 

a p '  - 
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A .  111. c . 

a t  I 

A. IV. ii I 

d‘ 
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